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Abstract. It is well known that geometry of vector fields play important role not only in
mathematics but also it is important in many branches of science. Among vector fields Hamiltonian
vector fields generate spesial class and they usually used to describe a motion if rigid body around
fixed point.

Let M be a smooth Riemannian manifold of dimension n with the Riemannian metric g, V - the
Levi-Civita connection, <:,-> - inner product defined by the Riemannian metric g.

We denote by V(M) the set of all smooth vector fields defined on M, through [X, Y] Lie bracket
of vector fields X,Y € V(M). The set V(M) is a Lie algebra with Lie bracket.

Let’s consider some set D < V/(M), which contains finite or infinite number of smooth vector
fields. For a point x € M through t — X*(x) we will denote the integral curve of a vector field X
passing through a point x at t = 0. Map t —» X*(x) is defined in some domain I(x) c R, which
generally depends on field X and point x.

Definition 1.1 The orbit L(x) of a system D of vector fields through a point x is the set of points
y in M such that there exist t,, t,, ..., t; € R and vector fields X;, X,,..., X} € D such that

tp—1

Y = XE X G (X0,

where k is an arbitrary positive integer.

There exist many papers devoted to topology and geometry of orbits

In this paper we study the geometry of orbits of Hamiltonian vector fields.

Let us recall a notion of Hamiltonian vector field. In order to define notion of Hamiltonian

vector field we need to define Poisson bracket of functions.
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Definition 1.2 A Poisson bracket on a smooth manifold M is an operation that assigns a smooth

real-valued function {F, H} on M to each pair F, H of smooth, real-valued functions, with the basic

properties:
(a)Bilineality:
{AF + uP,H} = A{F,H} + u{P, H},
{F,AH + pP} = AM{F,H} + u{F,P}, 4, u €R;
(b)Skew-Symmetry:

{F,H} = —{H,F};
(c)Jacobi Identity:
{F.H}, P} +{{P,F},H} + {{H,P},F} = 0;
(d)Leibniz’ Rule:
(F,H-P}={F,H}-P+H-{F,P}.

(Here - denotes the ordinary multiplication of real-valued functions.)

A manifold M with a Poisson bracket is called a Poisson manifold, the bracket defining a Poisson
structure on M The notion of a Poisson manifold is slightly more general than that of a simplistic
manifold, or manifold with Hamiltonian structure; in particular, the underlying manifold M need not
be even-dimensional. This is borne out by the standard examples from classical mechanics.

Let M be the Euclidean space R™, with coordinates

n 1

(r,q,2) = (p,...,p"q%....,q% 2%, ..., zY),
where m = 2n + L.
If F(p,q,z) and H(p, q,z) are smooth functions, we define their Poisson bracket to be the

function:

n

(F,H} = Z (a—Ea—H - a—Fa—H)
£ \dq' dp*  dp'dq’
This bracket is clearly bilinear and skew-symmetric; the verifications of the Jacobi identity and the
Leibniz rule are simple exercises. We note the particular bracket identities:
. p’}=0,{¢", ¢’} =0, {¢",p'} = &/,
(.75} = {q', 7"} = (25,25} = 0.
in which i and j run from 1 to n, when t and k run from 1 to [. Here 6} is the Kronecker symbol,
which is 1 if i = j and 0 otherwise.
Definitionl1.3. Let M be a Poisson manifold and H: M — R a smooth function. The Hamiltonian
vector field associated with H is the unique smooth vector field sgradH on M satisfying
sgradH(F) = {F,H} = —{H,F}

for every smooth function F: M — R.
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The equations governing the flow of sgradH are referred to as Hamilton’s equations for the
Hamiltonian function H.
In the case of the canonical Poisson bracket on R™ (m = 2n + [), the Hamiltonian vector field

to any H(p, q, z), as clearly, corresponds

. _z”:(aH 9 0H 0 )
T L \opTaq’  aqlap!
i=

The corresponding flow is obtained by integrating the system of ordinary differential equations
dp’ 0H dq' O0H
—_— =, —=—,1=1,...,n,
dt dqt’ dt  dp!

There is a fundamental connection between the Poisson bracket of two functions and the Lie
bracket of their associated Hamiltonian vector fields, which forms the basis of much of the theory of
Hamiltonian systems. It is well known following theorem :

Theorem 1. Let M be a Poisson manifold and {F,H}: M — R are smooth functions with
corresponding Hamiltonian vector fields sgradF, sgradH. The Hamiltonian vector field associated
with the Poisson bracket of F and H is, up to sign, the Lie bracket of the two Hamiltonian vector
fields: sgrad{F,H} = [sgradH,sgardF].

The Hamiltonian vector field associated with H(x) has the form

N[N, L0 0
sgradH—Z Z{x,x Eil
i=1 \j=1

Let F(x) be a second smooth function. We obtain the basic formula
(F,H} = anzn:{xi,xj a_}ja_g
oo dxtdx/

for the Poisson bracket.

This basic brackets AY (x) = {x!,x’/} i,j = 1,...,m are called the structure functions of the
Poisson manifold M with respect to the given local coordinates.

A skew-symmetric m X m matrix A(x) = {AY (x)} called the structure matrix of M. If the
Poisson bracket is non-degenerate ( det(AY) # 0 everywhere on M ), then the Poisson manifold is
called a symplectic manifold. The symplectic structure in this case has the form w = Aijdxi Adx/
where A;; are components of the matrix inverse to (AY).

Let us consider functions H,, H,: R* - R on the Euclidean four dimensional space R* with

cartezian coordinates p;, p,, 41, g, Which are given by the formulas
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1
H, =§(pf+p%+qf+q%)

1
H, =§(pf+p%—q12+q§)-

The Hamiltonian vector fields corresponding to H; and H, have following forms:

d d d 0
SgradHl = _ql apl - QZ apz + pl aql + pZ aql
1)
d d d 9]

H, = -
Sgrad 2 q1 apl qz apz + 41 aql + b2 66]1

Theorem 2. The orbits of vector fields (1) generate singular foliation regular leaf of which is
three dimensional surface with zero Gauss curvature.

Following sets are singular leaves:

L; ={0,0,0,0} — zero dimensional orbit;

L, = {(0,p,,0,q,): p? + ¢ = ¢, ¢ > 0} — one dimensional orbit.

We also have following leaf: L; = {(p;,0,q,,0): p? + q? > 0} — two dimensional plane
(p1, q1) without the point (0,0).

Now let us consider functions

Hy = p1q; + 0292

Hy =piq; + p2qs
and hamiltonian vector fields

0 0 0 0
sgradH,; = —p; apt — P2 ap? + 1 FI'E + D2 FYE
(2)
0 0 0 0

sgradH, = —p, apt —P1 ap? +q> FIE +a FYE

Theorem 3. The orbits of vector fields (2) generate singular foliation regular leaf of which is

two dimensional surface zero Gauss curvature and zero Gauss torsion.
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